In this work a class of self-adjoint quasilinear third-order evolution equations is determined. Some conservation laws of them are established and a generalization on a self-adjoint class of fourth-order evolution equations is presented.
Introduction
In this paper we consider the problem on self-adjointness condition of equation u t = r(u)u xxx + p(u)u xx + q(u)u 2 x + a(u)u x + b(u),
where r, p, q, a, b : R → R are arbitrary smooth functions. Equation (1) includes important evolution equations employed in mathematical physics and in mathematical biology, for instance, inviscid Burgers equation, Burgers equation, potential Burgers equation, Fisher equation, Korteweg-de Vries (KdV) equation, Gardner equation and so on, see [5, 6, 9] . It can be used to describe shallow watter waves, collisionless-plasma magnetohydrodynamics waves and ion acoustic waves, among other physical or biological phenomena, see also [12, 15] .
Similar work has been performed by Bruzón, Gandarias and Ibragimov [4] regarding equation
However, in (2) source terms and nonlinearities type a(u)u x and r(u)u xxx were not taken into account. So we shall complement the results previously obtained by them including these terms.
Ibragimov [7] has recently established a new conservation theorem for equations without Lagrangians. If (1) is self-adjoint it is possible to construct conservation laws D t C 0 + D x C 1 = 0 for it, where the components C 0 and C 1 depend on t, x, u and its derivatives.
The purpose of this paper is to determine the self-adjoint equations type (1) and, by using the recent result [7] , establish some nontrivial conservation laws for some of these equations. The results on self-adjointness condition of equation (2) obtained in [4] is also generalized by including dispersive, convective and source terms.
The paper is organized as the follows: in the section 2 we revisit some results regarding Lie point symmetries and conservation laws for differential equations. Section 3 is devoted to find the self-adjoint equations type (1) . We comment some results presented in [4] in section 4.
Preliminaries
This section contains a brief discussion on the space of differential functions A, Lie-Bäcklund operators, self-adjoint equations and conservation laws for differential equations. For more details, see [3, 4, 7, 8] . In the following the summation over repeated indices is understood.
Let x = (x 1 , · · · , x n ) be n independent variables and u = (u 1 , · · · , u m ) be m dependent variables with partial derivatives
The total differentiation operators are given by Example: Let us consider the differential function
where p, q, r, a, b : R → R are arbitrary smooth functions. Supposing r(u) = 0, the order of F is three.
Definition 2. A Lie-Bäcklund operator is a formal sum
where
The Lie-Bäcklund operator is often written as
understanding the prolonged form (4).
, then X is a generator of Lie point symmetry group.
Example: The field
is a Lie point symmetry generator of inviscid Burgers equation
The set of all Lie-Bäcklund operators endowed with the commutator
where X is given by (5) and 
Definition 4. Let F α ∈ A. We define the adjoint system of differential functions F * α to F α by the expression
where v β is a new dependent variable. We say that F * α is a self-adjoint system of differential functions to F α if there exists φ ∈ A such that
We observe that a system of differential equations can be viewed as F α = 0, for some F α ∈ A.
Definition 5. An adjoint system of differential equations F * α = 0 to a system of differential equations F α = 0 is given by
where v β is a new dependent variables. We say that F * α = 0 is a self-adjoint equation to
for some differential function φ ∈ A. So F * α | v=u = 0 if and only if F α = 0.
Example: The adjoint differential function F * to (3) is
Setting v = u and after a tedious calculation we obtain
If an equation possesses variational structure, it is well known that the Noether Theorem can be employed in order to establish conservation laws for the respective equation, e.g., see [1, 2, 10, 11] .
However, the Noether Theorem cannot be applied to evolution equations in order to obtain conservation laws, since this class of equations does not possess variational structure. Fortunately there are some other alternative methods to establish conservation laws for equations without Lagrangians, see [11] . One of them is a recent result [7] , due to Ibragimov.
Let
be a Lie point symmetry generator of (1) and
where F is given by (3) . From the new conservation theorem [7] , the conservation law for the system given by equation (3) and by its adjoint equation F * = 0, where F * is given by (10) , is
In particular, whenever (3) is self-adjoint, substituting v = u into (13), C = (C 0 , C 1 ) provides a conserved vector for (3).
3 Self-adjoint equations type (1)
The class of self-adjoint equations type (1)
By applying the Euler-Lagrange operator (8) to (12) , where F is given by (3) and equating to 0, we obtain the adjoint equation to (1) , that is, F * =0, where F * is given by (10) .
Supposing that F is self-adjoint, equation (9) holds, for some φ ∈ A. Comparing the coefficient of u t , we obtain φ = −1 and 3r ′′ + ur ′′′ = 0, 3ur ′′ + 6r ′ = 0, ur ′′′ + 3r ′′ = 0,
Solving the system (14), we obtain
and
where a 1 , a 2 and a 3 are arbitrary constants. The following theorem is proved.
Theorem 1. Equation (1) is self-adjoint if and only if it has the form
where a 1 , a 2 and a 3 are constants.
Conservation laws for equations type (18)
Here we shall illustrate Theorem 1 by using it and the results due to Ibragimov in order to establish some conservation laws for self-adjoint equations type (18).
Inviscid Burgers equation
The vector field (6) is a Lie point symmetry of the inviscid Burgers equation (7)(for more details, see [9] ). Since it is a self-adjoint equation, taking v = u in (13), the conservation law D t C 0 +D x C 1 = 0 is obtained, where
However,
and
Then C = (−u 2 , 2 3 u 3 ) provides a conserved vector for (7). This conservation law was established in [9] .
Singular second order evolution equation
A Lie point symmetry generator of singular equation
is given by
From (13) C 0 = tvu xx u + vu,
Setting v = u in C 0 and C 1 and after reckoning we obtain C = (u 2 , −2u x ) as a conserved vector for equation (19) . Considering the Lie point symmetry generator
the components of the conserved vector is
After a tedious calculus and substituting v = u into (21) we obtain the vector C = (u 2 /2, −u x ). Then Y does not give a new conservation law for (19).
The Korteweg-de Vries equation
Let us now consider the Korteweg-de Vries equation
It is clear that X = t ∂ ∂t − ∂ ∂u is a Lie point symmetry generator of (22). Since (22) is self-adjoint, from (13) and setting v = u, we obtain
we conclude that C = (−u,
2 + u xx ) is a conserved vector for (22). This example was presented in the seminal work [7] .
Generalized Korteweg-de Vries equation
Example 3: Let us consider the following generalization of the Korteweg-de Vries equation (22) 
where µ = 0 is a constant.
Here we shall present in a more detailed form the conservation law for (23) arising from the Lie point symmetry generator
From (13) is obtained
Setting v = u in (24) and after reckoning, we obtain
Then C = (C 0 , C 1 ) provides a conserved vector for the generalized Korteweg-de Vries equation (23), where
In particular, whenever µ = 1, C = (u 2 , u 2 x − 2uu xx − 2 3 u 3 ) is another conserved vector for the KdV equation (22), see [7] . Choosing µ = 2, then C = (u 2 , u 2 x − 2uu xx − 1 2 u 4 ) is a conserved vector for the modified KdV equation
4 Self-adjoint adjoint equations of fourth-order
Concerning equation (2), in [4] is proved that equation (2) is self-adjoint if and only if
where f, h and p are arbitrary functions of u (see [4] , Theorem 3.2, p.p 310).
From Theorem 1 we conclude that equations (26) and (16) cannot be compatible whenever c 2 = 0. In fact, the correct statement is Theorem 2. Equation (2) is self-adjoint if and only if g and d are given by (25) and q is given by (16), where f, h and p are arbitrary functions of u and c 1 is an arbitrary constant.
Proof. From the self-adjointness condition (9) we obtain the following system of equations
From (27) and (29) we obtain (25). Equation (28) is a consequence of (27). Equation (32) is a consequence of (27) and (29).
From (31) we obtain (26). However, substituting (26) into (30) we conclude that c 2 = 0. Thus we obtain (16). 
is self-adjoint if and only if g and d are given by (25), r, q and b are given by (15) , (16) and (17), respectively, where a 1 , a 2 , a 3 and c 1 are arbitrary constants and f, h and p are arbitrary functions of u.
Conclusion
In this paper the self-adjoint subclasses of equation (1) was obtained. Thanks to the recently proposed conservation theorem from Ibragimov, some conservation laws of particular self-adjoint equations type (18) were established. Further examples can be found in [4, 7, 9, 14] .
A comment in a recently published result (see [4] , Theorem 3.2) was given in section 4. In particular the self-adjointness condition obtained by Bruzón, Gandarias and Ibragimov to equation (2) was generalized to equation (33). Equation (33) covers a wider list of equations, for instance, all equations mentioned in the present paper, the thin film equation and so on, see [13, 4] .
The main results are summarized by Theorem 1 and Theorem 3. In particular, by using Theorem 3 and the new conservation theorem presented in [7] , conservation laws for lubrication equation, Korteweg-de Vries and inviscid Burgers equation, among others, can be established, as pointed out in [4, 9, 14] .
